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CLARA L. ALDANA 

Abstract. We consider relative determinants of Laplace operators on 
surfaces with asymptotically cusp ends. We consider a surface with cusps 
{M, g) and a metric h on the surface that is a conformal transformation 
of the initial metric g. We prove the existence of the relative determinant 
of the pair (A^, Aj) and other related pairs of operators. We focus on 
the decay conditions of the conformal factor at infinity that make it 
possible to define the relative determinant. 

Following a paper of B. Osgood, R. Phillips and P. Sarnak about 
extremal of determinants for compact surfaces, we prove Polyakov's for- 
mula for the relative determinant and discuss the extremal problem in- 
side a conformal class. We discuss necessary conditions for the existence 
of a maximizer. 
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Introduction 



In this paper we study the relative determinant of the Laplace operator 
on surfaces with asymptotically cusp ends. A surface with asymptotically 
cusp ends is defined in Section 11.41 

Regularized determinants of elliptic operators play an important role in 
many fields of mathematics and mathematical physics. They were initially 
introduced by D. B. Ray and M. I. Singer in [29j in relation to i?-torsion. 
For Laplacians on closed surfaces the regularized determinant is defined 
via a zeta function regularization process. The regularized determinant of 
the Laplacian on a compact Riemannian manifold is an important spectral 
invariant. For instance, in the 2-dimensional case, B. Osgood, R. Phillips 
and P. Sarnak (to whom we refer as OPS from now on) in [25j showed that 
the determinant, considered as a functional on the space of metrics, has 
very interesting extremal properties. They prove the following result: let M 
be a closed surface of genus p. Then in a given conformal class, among all 
metrics of unit area, there exists a unique metric of constant curvature at 
which the regularized determinant attains a maximum. They also proved a 
corresponding statement for compact surfaces with boundary and suitable 
conditions at the boundary. 

Relative determinants were introduced by W. Miiller in [23] as a way to 
generalize regularized determinants from the compact to the non-compact 
setting. A good example of a non-compact space is a surface with cusps. 
A surface with cusps is a 2-dimensional Riemannian manifold (M, g) of fi- 
nite area such that outside a compact set the metric is hyperbolic. The 
hyperbolic ends are called cusps. The Laplace operator associated to 
the metric g on M has continuous spectrum. Therefore its zeta regularized 
determinant can not be defined as in the compact case. Here is when relative 
determinants enter into the play. The relative determinant is defined for a 
pair of non-negative self-adjoint operators {A, B) in a Hilbert space, when 
they satisfy certain conditions. It is defined through a zeta function using 
the trace of the relative heat semi groups Tr(e~*'^ — e~^^), t > 0. 

For surfaces with cusps in ^23j W. Miiller proved that the relative determi- 
nant of the Laplacian is well defined when compared with a model operator 
defined on the cusps. In this paper we extend this result to surfaces with 
asymptotically cusp ends. We also prove a Polyakov's formula for the case 
when the determinant is well defined. The analysis of the extremal of the 
determinant in this case follows in the same way as in OPS, [25]. Unfor- 
tunately, the maximizer (the metric of constant curvature) is not always 
among the class of metrics for which we can define the relative determinant. 

Now, I will describe how the organization of this paper: 
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We start by fixing a class of metrics on M tliat are conformal to g and 
that satisfy suitable conditions. Let h = e^'^g be a metric the conformal 
class of (7, if the cusps are "kept" but the metric h is not hyperbolic on 
them, then we say that (M, h) is a surface with asymptotically cusp ends. 
Associated to the metric /i, there is a Laplacian which we denote by A/^. 
We will consider relative determinants of pairs (A/^, Ag) and also of pairs 
(A/j, Ai^o)) where Ai^o is a model operator over M that is associated to the 
cusps. 

In section [1] we introduce all the notation and background theory that we 
need throughout the paper. In section [2] we prove the trace class property 
of the relative heat operator for all positive values of t, when the conformal 
factor if as well as its derivatives up to second order have a decay as 0{y~"), 
a > as y goes to infinity; here we are using coordinates (y, x) in the cusps 
Z= [1,00) X S\ 

In section [3l I prove the existence of an expansion of the relative heat trace 
for small values of t: There exists an expansion up to order v of the relative 
heat trace for small values of t, if the function ip{y, x) and its derivatives 
up to second order are 0{y~^) as y goes to infinity, with A; > + 14. 
The proof of this result is very technical but uses mainly classical methods 
such as parametrices, Duhamel's principle, upper bounds of heat kernels, 
universal coverings and very particular inequalities. The idea of the proof is 
that the relative heat trace can be written as an integral over the manifold. 
We split this integral into three areas of integration: the compact part, a 
cutoff of the cusps and the end of the cusps. For the first two integrals I 
proved the existence of a complete asymptotic expansion for small values of 
t. But I failed to prove this existence for the integral over the end of the 
cusps, where I could only estimate the trace by a term , v > using the 
trace norm of an auxiliary operator. The order /c > + 14 in the decay 
condition of the conformal factor comes from this bound. 

In section m we use the previous results to define the relative determinants 
det(A/j, Ag) and det(A/i, Ai^o) using relative zeta functions. In spite of not 
having an optimal result in section [3l the result is good enough to have a 
well-defined relative determinant for a pair of metrics (5, h) satisfying the 
conditions above. 

In section [5] we study det(A/j, Ai^o) as a functional on the space of met- 
rics of a given fixed area inside the conformal class and look for its extremal 
values. We give a proof of a Polyakov-type formula for det(A/j, Ai_o). The 
proof of this formula follows the same lines as the proof of OPS in the 
compact case in [25]. The formula is the same as the one obtained by R. 
Lundelius in [T7] for heights of pairs of admissible surfaces. Let us point 
out however that our methods are different from the ones in [IT]. As in |25) 
and |17j . we see that if there exists a maximum it is attained at the metric 
of constant curvature. The equation relating the curvature of the metrics g 
and h = e^'^g is = e~^'^(Ag99 + Kg). The study of the asssociated differ- 
ential equation for (p together with the conditions of constant curvature in 
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the cusps for g and constant curvature everywhere for h leads to a precise 
decay for the function ip at infinity. Unfortunately this decay is not included 
in the conditions required to define the determinant. Therefore the metric 
of constant curvature will not be in the conformal class that we consider 
unless we start with a metric of constant curvature. 

In relation with this problem, there is a recent work of P. Albin, F. Ro- 
chon and the author, [T]. We worked with renormalized integrals to define 
renormalized determinants of Laplacians on surfaces that have asymptoti- 
cally hyperbolic ends, cusps as well as funnels. Funnels involve infinite area. 
We have a well definition of the determinant of the Laplacian for totally 
geodesic metrics with asymptotic hyperbolic ends. However, this definition 
makes use of the asymptotic expansion of the trace of the heat kernel of 
fibred cusps metrics in the work of B. Vaillant, [33]. We prove existence of 
Ricci flow on these surfaces to prove that in a given conformal class and 
under suitable conditions, the maximum of the renormalized determinant 
exists. 

Acknowledgements. This paper is based on my doctoral thesis. I thank 
my supervisor Prof. Dr. W. Miiller for his continuous guidance through this 
project. I am also grateful to Prof. R. Mazzeo for helpful discussions and to 
Prof. S. Paycha and Dr. E. Hunsicker for all their comments on the thesis. 
I thank the Mathematical Institute at the University of Bonn for hosting me 
during my graduate studies. 

1. Notation and some definitions 

1.1. Relative determinants. Relative determinants were defined by W. 
Miiller in [23] . Let us recall their definition: The relative determinant is 
defined for two self-adjoint, nonnegative linear operators. Hi and i^O) in 
separable Hilbert space Ti satisfying the following assumptions: 

(1) For each t > 0, e~*^^ — e~''^° is a trace class operator. 

(2) As t — )• 0, there is an asymptotic expansion of the relative trace of 
the form: 

OO k{j) 
j=0 k=0 

where — oo < < ai < • • • and — )■ oo. Moreover, if aj = we 
assume that ajk = for A; > 0. 

(3) Tr(e-*'^i -e'^^o) = h + 0{e-''^), as i oo, where h = dimKer iJi - 
dim Ker i?o- 

These properties allow us to define the relative zeta function as: 
as; Hi, Ho) = f^J^ (Tr(e-*^i - e"*^") - hr-'dt. 
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The relative determinant is then defined as: 

det(i7i,Fo) :=e-^'(o^^i'^''). 

In a more general setting, condition 3) is replaced by an asymptotic ex- 
pansion as t — 7- oo. Then, in order to define the relative zeta function, the 
integral has to be split in two parts, see [23] , 

1.2. Surfaces with cusps. A surface with cusps (swc) is a 2-dimensional 
Riemannian manifold that is complete, non-compact, has finite volume and 
is hyperbolic in the complement of a compact set. It admits a decomposition 
of the form 

M = Mo U U • • • U Zm, 

where Mq is a compact surface with smooth boundary and for each i = 
1, m we assume that 

Zi = [ai, oo) X S^, g\z, = y^'^idyf + dxf), > 

The subsets Zi are called cusps. Sometimes we denote Z^ by Z^. to indicate 
the "starting point" Oj. Instances of surfaces with cusps are quotients of 
the form r(A^)\IH, where H is the upper half plane and r(A^) C SL2(Z) is 
a congruence subgroup, i.e. r(A^) = {7 G SL2(z)|7 = Id (mod N)}. These 
quotients play an important role in the theory of automorphic forms. 

To any surface with cusps (M , g) we can associate a compact surface M 
such that {M,g) is diffeomorphic to the complement of m points in M. Let 
p denote the genus of the compact surface M; then the pair (p, m) is called 
the conformal type of M. 

For any oriented Riemannian manifold (M, g) the Laplace-Beltrami ope- 
rator on functions is defined as A/ = — divgrad/. It is equal to A = d*d. 
We consider positive Laplacians. If (M, g) is complete, A has a unique closed 
extension that we denote by Ag. 

On a cusp Z, the Laplacian is given by 

Let us consider the following operators: 

Definition 1.1. Let a > 0, let Aa,o denote the self-adjoint extension of the 
operator 

• ^"((a,oo)) ^ L\[a,^),y-^dy) 

obtained after imposing Dirichlet boundary conditions at y = a. The do- 
main of Aafl is then given by Dom(Aa^o) = -f^o([o,oo)) H i?^([a, 00)), where 
i7i([a,oo)) = {/ G H^{[a,^)) : /(a) = 0}. 

Let Aafl = ®jLi^aj,o be defined as the direct sum of the self-adjoint op- 
erators operators Aa^fl defined above. The operator Aafi acts on a subspace 
of (B]liL'^ {[a j, 00), yj^dyj). 
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Now, let a > 0, let Za be endowed with the hyperbolic metric g and let 
Aza,D be the self-adjoint extension of 

+ ^ ^^r((a,oo) X ^ L\Z^AAg) 

obtained after imposing Dirichlet boundary conditions at {a} x 5^. It is 
known that the operator IS.z^.d can be decomposed as follows: Put 

(1.1) Ll{Za) = {/ G L'{Za,dAg)\ [ fiy,x)dx = for a. e. y > a}. 

The orthogonal complement of Lg(Za) in L'^{Za,dAg) consists of functions 
that are independent of x G 5^ . 

Then we can decompose L'^{Za,dAg) as the orthogonal direct sum 

L\Za,dAg) = L\[a, 00), y-^dy) Ll{Za). 

This decomposition is invariant under Az^^d so in terms of this decomposi- 
tion we can write Az^^d = Aafl A.z^,i, where A^^j acts on LQ{Za). 

Remark 1.2. The operator Az^.i has compact resolvent; in particular it 
has only point spectrum, see Lemma 7.3 in [M]. In addition, the counting 
function for A z a, I, ^Az^ iW = i^i^j ^ '^l; where {Xj} are the eigenvalues 
of Az^,i, satisfies A^Az„i(-^) ~ ^^9- '^^^ [HI Thm.6]. This implies that 
the heat operator e~*^^a,i ^5 trace class. 

1.3. Spectral theory of surfaces with cusps. For the spectral theory 
of manifolds with cusps we refer the reader to W. Miiller [21j, Y. Colin de 
Verdiere [TT], and the references therein. The results in [21] hold for any 
dimension. For surfaces in particular we refer to [22]. Here we only recall 
the main facts and definitions that we use in this document. 

For a surface with cusps {M,g), the spectrum of the Laplacian cr(Ag) is 
the union of the point spectrum Up and the continuous spectrum ctc- The 
point spectrum consist of a sequence of eigenvalues 

= Ao < Ai < A2 < . . . 

Each eigenvalue has finite multiplicity, and the counting function A^(A) = 
#{Aj|Aj < A^} for A > satisfies limsup A^(A)A"^ < Ag(47r)"\ where Ag 
denotes the area of {M,g). Depending on the metric, the set of eigenvalues 
may be infinite or not. 

The continuous spectrum ctc of is the interval [|, 00) with multiplicity 
equal to the number of cusps of M. For a proof of this fact, see for example 
[211 p. 206]. The spectral decomposition of the absolutely continuous part of 
Ag is described by the generalized eigenfunctions Ej{z, s), for j = 1, . . . , m 
with z £ M, s G C- To each cusp we can associate such generalized eigen- 
functions, also called Eisenstein functions by analogy with the Eisenstein 
series for hyperbolic surfaces. They are closely related to the wave opera- 
tors W±{Ag, Aafl) and to the scattering matrix S'(A). For details, see [211 
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sec. 7]. The main properties of the Eisenstein functions and the scattering 
matrix can be found in [21^ Theorem 7.24]. 

1.4. Conformal transformations. Let us describe how some geometrical 
quantities change under a conformal transformation of the metric, i.e., when 
we multiply a given metric by a function that is strictly positive in the 
complete manifold. 

Definition 1.3. A conformal transformation of the metric g on M is a 
metric h defined by h = e'^^g where ip G C°°(M). 

In this paper we consider conformal factors that are the exponential of 
smooth functions on M. These functions are often denoted by 99. We 
call these functions the conformal factor. Depending on the case 
they may have compact support or not. If the support is not compact we 
usually require some decay at infinity of the function 99 as well as some of 
its derivatives. In what follows the metric h will always denote a conformal 
transformation of g. 

Definition 1.4. Two metrics gi, 52 o.^^ quasi-isometric if there exist con- 
stants Ci,C2 > such that 

Cigi{z) < g2{z) < C25i(z), for all z £ M, 

in the sense of positive definite forms. 

Quasi-isometric metrics have equivalent geodesic distances. The associ- 
ated L^-spaces coincide as sets, thought the inner product is not the same. 

Remark 1.5. Let h = e^^g. If the function ip is hounded on M , we have 
that the metrics g and h are quasi-isometric and the geodesic distances, dg 
and dfi, are equivalent. If in addition the metric g is complete, so is the 
metric h. 

Let Ag denote the area of {M,g), dAg the volume element, and Kg{z) its 
Gaussian curvature. Let A^, dA^ and be the quantities corresponding 
to (M, h), for any conformal transformation h of g. Let A/^ be the Laplacian 
associated to h. Then for the metrics g and h we have the following relations: 

dAh = e^'^dAg, Ah = e-^'^Ag, Kh = e-^^^iAgip + Kg) 

The domains of the Laplacians Ag and A^ lie in different Hilbert spaces. 
Thus sometimes it is necessary to consider a unitary map between the spaces 
L'^{M,dAg) and lP'{M,dAh). From the definition of the metrics and the 
transformation of the area element we have that the unitary map is: 

(1.2) T : L\M, dAg) ^ L'iM, dA^), f ^ e"'^/. 

For the transformed Laplacians we have the following expressions: 

(1.3) T-'AhTf = {Agf + 2{Vgf, VgP)g - {Ag^ + \Vg^\l)f) 

TAgT-'f = e^^ [Ahf - 2{Vh^, Vhf)h + {^h'f - I V/,<^U)/) 
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Note that the operators T lS.hT and TIS.gT are self-adjoint in the 
corresponding transformed domain. 

Let us first give a handwaving definition of what we mean by a surface 
with asymptotically cusps ends. The reason to do that is that we need 
flexibility in the conditions on the conformal factors: 

A surface with asymptotically cusp ends is a surface {M, h) where the 
metric h is a conformal transformation of the metric on a surface with cusps 
(M, g) such that the conformal factor as well as some of its derivatives have 
a suitable decay in the cusps. 

1.5. Injectivity radius. Let (M, g) be a surface with cusps. For an element 
in a cusp, z = {y,x), we have that inj^(2;) ~ -. If we assume in addition 
that Ag(p = 0(1) as y — 7- oo then the surface (M, h) has bounded Gaussian 
curvature. Then for a surface with cusps or with asymptotically cusp ends, 
the injectivity radius vanishes, see p4l Prop. 2.1]. 

1.6. Heat kernels and their estimates. The heat semigroup associated 
to a closed self-adjoint operator can be constructed using the spectral theo- 
rem. For the existence and uniqueness of the heat kernel on a complete open 
manifold with Ricci curvature bounded from below see J. Dodziuk, [14] . For 
the main properties of heat kernels see [Mj and [8]. 

Let {M,g) and h = e^'^g be as above, and let e~^^^, e~*^9, e^*'^"'^ denote 
the heat semigroups associated to the Laplacians A/^, and Aa,0) respec- 
tively. Since the Laplacians are positive, the heat equation is A -|- 9^ = 0. 
Let Kh{z, z' ,t) and Kg{z, z' ,t) denote the heat kernels corresponding to 
and Ag respectively. We hope that this will not lead to confusions with the 
notation for the Gaussian curvatures and the heat kernels. The heat kernel 
on a surface with cusps was explicitly constructed by W. Miiller in }21j . 

Like the Laplacians, the heat semigroups act on different spaces. The op- 
erator e~^^^ may act on L'^{M, dAg), but it is not self-adjoint with respect to 
this inner product. To make e^*^** and e~*^^ act on the same space and pre- 
serve self-adjointness we use the unitary map T : L'^[M, dAg) — )• L'^{M, dAh) 
defined by (|1.2p . The transformed operators T~^e~*^^T and Te~*^f T"^ are 
self-adjoint on the corresponding space. Consider the integral kernel of the 
transformed operator T'^e'^^'^T : L?'{M,dAg) — )- L'^{M,dAg) is given by 
Krp_i^-tAf^j<{z, z' ,t) = e"^^^^ Kh{z, z' ,t)e'-^^^ \ that restricted to the diagonal 
has the form: Krp^i^-tA^rp{z, z,t) = Khiz, z,t)e'^'^^^\ 

Let us recall the bound of the heat kernels, since we use them repeatedly. 
If the manifold is closed, there exists a constant c > such that for any 
fixed < r < oo, the heat kernel satisfies the following bounds 

(1.4) K{x,y,t) <^t-''/^e~^^, for t < r. 

If the manifold has boundary, consider the closed self-adjoint extension of 
the Laplacian with Dirichlet boundary conditions. For the Dirichlet heat 
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kernel, and given a compact set K G M and a T > 0, there exists a positive 
constant c' such that 

KDix,y,t) < c'r'^/^e-^^ +e^^), 

for {x,y,t) eK X M X {0,T], see [8, chapter VII]. 

Now, let Z = M"*" X 5^ be the complete cusp. Let us consider the hyperbolic 
metric on it, gQ = y~'^{dy'^ + dx'^). Then (Z, (70) is a complete Riemannian 
manifold. Let Ai be the unique self-adjoint extension of the Laplacian 
defined on C^(M~'" xS^). The notation for Ai is arbitrary. The construction 
of the heat kernel for Ai on R"*" x can be found in [21]. We denote this 
heat kernel by Ki. 

Let i{z) be the function given by: 



(1-5) i{z) 



1, ifzeM\Z; 

y, if z G Z and z = (y, x) 



The kernels Ki and Kg satisfy the following estimates: 
For Ki{z, z' , t), let T > be arbitrary, then there exist constants Ci, C2 > 
such that for < t < r, y, y' > 1, and k,l,m G N one has: 
(1-6) 



^d[d^:^K,{z,z',t) 



<Ci{i{z)i{z'))^t-^-''-^-"'exp' ^ 



C2dt{z,z') 



t 



where dg, the Riemannian distance in {M,g), is the hyperbolic distance in 
the cusp. The constants depend on T. 

For Kg{z, z' ,t), we have: for T > there exist Ci, C2 > such that 



, 1 1 / C2d'j,(z,z') 
(L7) \Kg{z,z',t)\<CMzW)r^t-'^xpi- ' 



uniformly for < t < T. See [21]. 

Let us now go back to the metric h = e'^^g. Its restriction to Z can be 
extended to a metric on the complete cusp Z in the following way: On Z 
we have the hyperbolic metric go, and g\z = go- We start by extending 
the function (p\z to a smooth function (p on Z that vanishes in a small 
neighborhood of zero. Then on (0, 00) x 5^ we define h as h := e^^g^. It 
is a complete metric and h = g^ close to the boundary {0} x S*^. In this 
way we can define the Laplacian on {Z,h). Denote its unique self-adjoint 
extension by Ai ^. Clearly Ai /j = e~^'^Ai. The heat kernel associated to 
Ai^h is denoted by Ki^h{z, z' ,t), for z, z' £ Z and t > 0. 

In the general case, for upper estimates of heat kernels on complete Rie- 
mannian manifolds, we refer to S. Y. Cheng, P. Li and S. T. Yau in [lOj, 
Theorems 4, 6 and 7. There, the authors work with the heat kernel of 
a complete Riemannian manifold with sectional curvature bounded from 
above and from below by constants C and — c, with C, c > 0. They state 
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that the derivatives of the heat kernel K{x, y, t) are expected to satisfy sim- 
ilar inequalities as K{x, y, t) itself satisfies, except for the powers of the 
time variable t which will be different and the constants will depend on the 
curvature of M and its covariant derivatives. 

Transferring the results of [10] to our case, let us assume that ip and Agip 
decay in the cusp. Then the corresponding Riemannian distances are equiv- 
alent and they have "equivalent" injectivity radius. Therefore the kernel of 
the heat operator for the metric h satisfies the same estimate as the one 
corresponding to g: 



(1.8) KUz,z',t) « ii{z)i{z'))h-' e^p (^-f^Milil 



uniformly for < t < T, where ci and C2 are positive constants. 

For the derivatives of the heat kernel K^,, where * denotes the metric g 
or h, we obtain: 

(1.9) \VK,{z,z',t)\ <c{n,k,T) (i(z)i(z'))'/'t"^/' exp ( ^ 



(1.10) \A^K^{z,z',t)\< 

ci(f{z,z') 



C{n, Ao,Ai,T) (i(z)i(z'))^ t" exp 



t 



In the same way, the heat kernel Ki^h satisfies the same estimates as the 
heat kernel Ki. 

1.7. Heat kernels of other operators. In this part we introduce the 
other heat operators that we will use throughout this document. 

For a > 1 let o be the operator defined in Definition 11.11 The heat 
kernel Pa (y, y', i) for Aa,o can be computed explicitly, see [3 sec. 14.2] or [211 
p. 258]. It is given by 
(1.11) 

-t/4 

p(y,y',t) = ^ (yy')'/^ /e-(log(y/y'))V4t _ g-(log(yy')-log(a2))V4*| ^ 

V47rt ^ J 

for y, y' > a. This is easy to verify by direct computation. Also note that 
for 1 < y < a, Pa{y,y',t) = 0. 

The operator e~^^'^'° acts on L'^{[a, oo), y^^dy). However, we can regard it 
as an operator acting on L^([l, oo), y~'^dy) by considering the corresponding 
inclusion and restriction. Similarly, the operator e~*^^'° can be regarded as 
acting on ^^([a, oo), y^^dy). 



RELATIVE DETERMINANTS ON SURFACES WITH ASYMPTOTIC CUSPS 11 



Now, let us assume that M can be decomposed as M = Mq U Z with 
Z = [1, oo) X . Then we can make the operator e"*^"-" act on L'^(M, dAg) 
in the foUowing way: 



e-*^-°/W = r I Pa{y,y',t) f\z^ {y\x')dx'% for z = G 

and zero otherwise. From the symmetry of Pa{y-,y' li), is clear that the 
operator e"*^"-" acting on L'^{M,dAg) is symmetric. 

Recall the operator Az^d defined in section [L2l The kernel of the operator 
^-tAz,D ig constructed by a classical method (see chapter VII]) and it is 
given by: 

(1.12) Kz,D{{y,x), {y ,x'),t) = Ki{{y,x), {y ,x ),t) +pi^D{{y,x), {y ,x'),t) 

where > 1, G 5^, i > 0, and pi^oiiy, x), {y' , x'),t) is a function 
that satisfies: for every T > there exist constants C, c > such that: 

(1.13) \p,,d{z, z', t)\ < Ct-\i{z)i{z')y/^e ' 

for all z, z' G Z and < t < T. 

Now let Az^h be the self-adjoint extension of the operator 

-e-2V(9,' + 9.') : C^iZ) ^ L\Z,dAi,) 

obtained after imposing Dirichlet boundary conditions at {1} x S^. Let Kz^h 
denote the kernel of the operator e"*^^-*". As in the case of the heat kernel 
associated to the operator Az,d, given in equation (|1.12p . the kernel Kz^h 
is given by: 

(1-14) Kz,h{z, z,t) = Ki^h{z, z', t) + Ph,Diz, z',t), 

for z,z' G Z and t > where the term pf^^D^z, z' ,t) is determined by 
the boundary condition. By the same argument as above, we infer that 
Ph,D{z, z' ,t) satisfies, up to some constants, the same estimate as the one 
given by equation (|1.13p . 



1.8. Duhamel's Principle. There are several ways to state and use Duhamel's 
principle, see for example [8l VII. 3]. 

Duhamel's principle can be applied in the non-compact setting under 
certain assumptions on the decay of the functions. This is the case of the 
heat kernels on surfaces with cusps and asymptotically cusp ends. In terms 
of the operators, Duhamel's principle can be stated as: 

(1.15) T-^e-^^'^T - e-^^^ = [ T-^e~'^'-T{Ag - T'^ AhT)e-'^^-'^^^ ds. 

Jo 
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1.9. Gauss-Bonnet formula. For a surface M with m cusps, the Euler 
characteristic is given by xi^) = {2 — 2p — m), where p is the genus of the 
compact surface M defined in section 11.21 A Gauss-Bonnet formula is vahd 
in this setting: 

[ KgdAg = 27TXiM), 

Jm 

where Kg denotes the Gaussian curvature of the metric g. The same formula 
is valid for the metric h = e^^g when 99 and A^^j have a suitable decay at 
infinity, since: 

/ KhdAh= [ e-^^{\^ + Kg)e^^ dAg= [ Kg dAg. 

Jm Jm Jm 



2. Trace class property of relative heat operators 

In this section we proof Theorem 12.11 which says that the difference of 
the heat operators corresponding to the metrics g and h is trace class. As 
we know, none of the heat operators e"*^** nor e~^^^ is trace class, which is 
the reason why we consider their difference. This is the first step to define 
the relative determinant of the pair (A/i, Ag). 

Let {M,g), Mq, Z as well as A^, Az,d, and Ai be as in Section[TJ For the 
sake of simplicity, we consider the surface (M, g) only with one cusp so that 
it can be decomposed as M = MqUZ with Mq compact and Z = [1, 00) x S^. 

2.1. Trace class property for relative heat operators of conformal 
transformations. Take g as background metric on M. Let /i be a confor- 
mal transformation of the metric (7 by a conformal factor e^*^. We assume 
that on the cusp Z the functions ip{y,x), \Vgip{y,x)\ and Agip{y,x) are 
0{y~°'), for a > 0, as y goes to infinity. Let T be the unitary map defined 
in equation (jl.2p . 

Theorem 2.1. Let h = e^'^g, and assume that on the cusp Z the functions 
if{y,x), \'Vgif{y,x)\ and Agip{y,x) are 0{y^"') witha>0, as y—s- 00. Then 
for any t > the operator 

is trace class. 

To prove this statement we follow a procedure similar to that used by W. 
Miiller and G. Salomonsen in |24j . We use Duhamel's principle which was 
stated in Section [L8l 

Let II • II denote the operator norm and || • ||i^g, (|| • ||i^/,, resp.), denote the 
trace norm in L?'{M,dAg), (in Lp'{M,dAh), resp.). From equation (ll.lSh . 
we have: 
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(2.1) ||r~^e-*'^''T-e"*^«||i,g 

< r^'||(A,-r-iA^r)e-(*-^)^«||i,, ds 

Jo 

+ [ \\e-''^'^iTA,T-'-Ah)h,hds 

Jt/2 

When considering the trace of the operator in the right hand side of equa- 
tion ()1.15p as an integral using heat kernels and their estimates one has to 
take two aspects into account. One is related with the time singularity at 
i = and the other one is related with the convergence of the space inte- 
gral. The idea of breaking up the integral in equation ()2.ip comes from the 
need to avoid the time singularities coming from the heat kernel Kh{z, z' , s) 
{Kg{z, z' ,t — s)) close to s = {t — s = t) that do not integrate to something 
finite in a neighborhood of zero (of t). 

Equation (j2.ip reduces the proof of Theorem 12.11 to the following Propo- 
sition: 

Proposition 2.2. Let < a < b < oo, under the same conditions of 
Theorem \2. 1\ we have that for each t £ [a,b], the operators 

{Ag-T-^AhT)e-*^' and e-*^<^{TAgT-^ - Ah) 
are trace class and each trace norm is uniformly hounded on t £ [a, b] . 

In the proof of Theorem 12. H we repeatedly make use the following basic 
facts: 

Lemma 2.3. (1) For any a > 0, and b,n,m £ M, we have that: 

— / e ^ dv < j= — . 

(2) For any c> 0, <t <T, k,£>0 with k + £ > 2 we have: 

/"CXD /'OO 

(2.2) / / y-'^y'-'e-T'-^^y/y'^'dydy' <Vie^'~''^"'/'. 



(3) Let if G C7°°(M), ^ = e"^^ - 1 and ^ = e^^ - 1. // ip\z{y,x), 
^g^\z{y,x) and \Vg(p\g\z{y,x) are 0{y~'^) as y ^ oo, then so are 
^\z{y,x), Agip\z{y,x), \VgTp\g\ziy,x) and the analogues functions 
corresponding to ip. 

(4) For a,b,c > 0, the function f{t) = t^^e~^^ is bounded on (0, oo) 
and limt_^o fit) = 0- 



Proof. Statements (1) and (2) follow just from a change of variables. To 
give an idea to the reader of how we deal with these integrals, we include 
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the proof of the second part. For y' fixed, put v = log{y/y'), so y'e" = y, 
and since 1 < y' < oo, then — oo < — log(y') < 0, thus 

/ / y-^y'-'e-'t^^^^y'y'^"dydy' = / y'-'-^+^e'^^-''> e'^^ dvdy' 

poo roo 

< / y'-'-"^' / e^'-'>e-'ydvdy' « Vte^^-')'^/'^ . 

J 1 J —oo 

Part (3) follows easily by noticing that: 

AgiP = Age-^'P = -le-^'PAgip - 4e-2'^|Vg(y9|2. 

□ 

Later we will also use the fact that the Riemannian distance in the cusp 
Z satisfies dg{z,z') > \ log{y/y')\, for z = z' = {y',x'), see for example 

The proof of Proposition 12. 2t 

Proof. The proof follows in several steps. The idea is to decompose each 
operator as the product of two Hilbert-Schmidt (HS) operators whose traces 
are uniformly bounded on t at the corresponding interval. To prove the HS 
property we use that if R is an integral operator with kernel r{z,z'), its HS 
norm is giving by: 

ll^lli= f f \r{z,z')fdA{z)dA{z'). 

Let /? = a/2, if a E (0, 1), and /? = 1/2 if a > 1; so that < /3 < 1/2. 
Let us define an auxiliary function that we will use repeatedly, such that 
(j) e C°°{M) satisfies (/> > and 

(2.3) 0(2/,x) = y-^ {y,x)£Z. 

Let and M^^ denote the operators multiplication by (p and 4'~^: respec- 
tively. 

Step 1. To proof the trace class property of (A^ — r^^A/jr)e~*^f , we 
write 

{Ag - T-^AhT)e-^^^ = {{Ag - AhT)e-^^/^^^<^ M-^) o (M^e-^*/^)^^)^ 

and prove that for every t > 0, {Ag -T^'^ AhT)e^^^'-i M^^ and M<^e~*^9 are 
HS operators. The reason to include the auxiliary function is that the 
heat operator e~^^^ itself is not HS. 

Step 1.1. {Ag - T-'^ AhT)e-^^o M~'^ is HS. Equation ([O]) implies: 

{Ag - T-^ AhT)e-^^^ M^^ = ((1 - e-'^^^^'^)Ag)e-^^^ M^^ 

+ e-2'^(-2(V3^, Vg-)g + {Agip + \Vg^\l))e~'^^M-\ 
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Let us start with the term ((1 - e~2'^(''))Ag)e~*'^f M^^; to prove the HS 
property for it, we just need to prove that the following integral is finite: 

' M J M 

Let us use the decomposition of M as M = Mq U Z to split the integral as: 

(2.4) [ [ ••• dAg{z)dAg{z')= [ [ ••• dAg{z)dAg{z') 

Jm JaI J Mo J Mo 

+ [ [ ■■■ dAg{z)dAg{z')+ [ [ ■■■ dAgiz)dAg{z') 

J Mo JZ JZ J Mo 



+ / / ••• dAg{z)dAg{:^). 

JZ JZ 

Now, we use the estimates for the derivatives of heat kernel Kg{z, z' ,t) 
given in (jl.lOp . the fact that 1 — e~'^'^^^^ decays as at infinity, and 
the definition of the function i{z) given in (II. 5p . To estimate the resulting 
integrals we use Lemma 12.31 For the sake of simplicity let us just write c 
instead of 2c for the constant in the exponential factor of the estimates of 
the heat kernels. 

For the first term in the sum in equation (|2.4[) which involves z G Mq and 
z' £ Mo we have: 

1(1 - e-^'^^'^)Ag^,Kg{z,z',t)cP{z'r'\^dAg{z)dAg{z') 

Mo J Mo 



^-4g-f4(,,,') ^^^^^^ ^ ^_4^ 

Mo J Mo 



For the second term in the sum in equation (12. 4p which involves z' G Mq 
and z € Z we have: 

\(l-e-'^(^'))Ag^,Kg{z,z',mz')-^\^dAg{z)dAg{z') 

Mo JZ 

J Mo Js^ Ji 

The third term in the sum in equation (|2.4p involves variables z £ Mq 
and z' £ Z. In this case we use that the Riemannian distance satisfies 
dg{z,z') > dg{dZ,z') > I log(y')| from which we infer: 

\{l-e-''P'^^y)Ag,,Kg{z,z',t)cP{zT'\'dAgiz)dAg{z') 

IZ J Mo 

'1 J Mo y 

/oo poo 
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Finally, the last term in the sum in equation (|2.4p in which the variables 
z, z' lie in Z we have: 

Jz J z 

/OO /"OO 

since a > f3. Thus we obtain: 

11(1 - e-2^)A,e-*^«M^-^||^ « (l + ti/2gVc) . 

We proceed now with the operators e^^'^(Vg(/?, • )ge~*^fM^^ and 
e~^'^(Ag99 _l_ |Vg99|p)e~*^»M^"'^. Their integral kernels are given by 

e-^^^^\Ag^{z) + \VgM^)\l)Kg{z,z',t)<p-\z'), 
respectively. For which we have respectively the following estimates: 

\e-^^^'HVgM^),'^9,zKg{z,z',t))gr\z')\^ 

< t-\{z)i{z')\Vgip{z)\^e-^'^'^^''''U'Hz'f, and 

\e-'^(^\Agipiz) + \VgM^)\lKgiz,z',t)rHz')\' 

« t-\\Agip{z)\ + \Vg^{z)\lfi{z)i{z')e-i'''^^^^^'U-\z'f. 

We split the integrals on M x M in the same way as in equation (12. 4p , and 
the integrals obtained are very similar to those carried out in the previous 
part for the operator (1 — e~'^'^)Age~^^^ . The main difference occurs in the 
power of t. 

For the operator e~^'^(Vg99, Vg • )ge~^^^ M^^ we use the estimates in 
equation (ll.9|) and the decay of the function \ip\ at infinity. 

Now, for the operator e~^^ {Agip + \V gip\g))e~^^<' M^^ we use the estimate 
of the heat kernel given in equation (|1.7p and the decay of the functions 
involving ip. Let us only show the integral on Z x Z. For z G .Z^ we have 
(Agipiz) + \VgM^)\lf < (y"" + y"'")' < y"'"- Then 

IJje-^^(^\Ag^{z) + \VgM^)\l)Kg{z,z',t)r\z')\'dAg{z)dAg{z') 

/OO fOO 

Thus in the same way as above we obtain: 

\\e-^^{Vgip,Vg ■ )<,e-*^«Af^-ii « (l + t'/^'/'^) ,and 

\\e-'^{Ag^+\Vg^\l)e-'^^M-'\\l « [l + t'/^/^) . 
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Step 1.2. The operator M^e~^^^ is HS, to see this, we have to prove 
that the following integral is finite: 

Ct>{z)Kg{z,z',t)fdAg{z)dAg{z'). 

M JM 



We decompose the integral as in equation (|2.4p . and proceed in the same 
way as above, using in this case the estimates for Kg(z,z',t) given in (jl.7p 
and the definition of the functions (p ^-nd i{z). Again, for the sake of sim- 
plicity we just write c instead of 2c in the exponential factor of the heat 
estimates. The computations are very similar to those in the previous case. 

The integrals over Mq x Mq, Mq x Z, and Z x Mq do not have any problem. 
As for the last term, whose variables z, z' lie in Z, we have: 



(2.5) / / \(l){z)Kg{z,z',t)\^dAg{z')dAg{z) 
Jz JZ 



1 Ji 

OO /"OO 



Therefore 



/OO /"OO 
y-i-2/3y'-iei^(iog(y/y'))^ dy dy' < t~^/'e''K 

||M<^e-*^«||2«i-2+t-3/2gt/4c^ 



In this way we have that (Ag — T ^AhT)e is a trace class operator 
and the trace norm satisfies: 

||(A,-r-iA^r)e-*^«||i,g 

« (^2 + + t-4) 1/2 ( 1 + il/2gt/c\ / ^ ^-V\t/c'^ 



the last expression is integrable for t in compact subsets of (0,oo). 

Step 2. In this step we prove that the operator e~^^'^{TAgT^^ — A^) is 
trace class. The proof is very similar to the proof for (A^ — T~iA/jT)e^*^s 
since the heat kernels satisfy the same estimates, and the metrics are quasi- 
isometric. Let us write: 

e-*^'^(rAgr-i - Ah) = (e-(*/2)^'^M0) o {M;^^e~'^*/^^^'^{TAgT-^ - Ah)), 

where (p £ C^{M) is as above. Then we have to prove that for every t > 0, 
the kernels of the operators e'^^i^M^ and M~^e~*-^^{TAgT''^ - Ah) are 
square integrable. 

Step 2.2. The operator e~^^'^ {T AgT'^ - Ah) is HS. First of all let 
us consider the kernel of the operator e-^^f'{T AgT'^ - Ah). For / G C^{M) 
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we have that: 

(e-*^nrA,T-i-A,)/)(z) 

= / Kh{z, z\ t) ■ {T\g^,,T-^ - \h,z')f{z')dAh{z') 

J M 

= [ {{TAg,,,T-^ - Ah,,')Kh{z,z',t)) ■ f{z')dAh{z'), 
Jm 

since the operators TAg^^'T^^ and Ah are symmetric on L^{M,dAh). Now, 
let us use the equation 

(2.6) TAgT-^-Ah 

= {e^^ - l)Ah - 2e^'P{Vh^,Vh ■ )h + {^gV - iV^c^l^) 

to write 

M~\TAgT-^ - Ah)e-'^'^ = e-'^'^ {{e^'P - l)Ah 

- 2e^^{Vh^, ^h-)h + {^gV - iVgVJl^)}. 
It fohows that M-^e-^^f'{TAgT-'^ - Ah) is HS if the following functions 

(1) 0(z)-i(e2^(z') - l)Ah,,'Khiz,z',t), 

(2) Hz)-^e^'P^''\Vh,z'V^,yh,z'Kh)h and 

(3) <P{z)-HAgip{z') - \Vg,,,ip\l)Khiz,z',t) 

are in L^{M x M,dAhdAh). 

We split again the integral in the same way as in equation ()2.4p and use the 
estimates on the heat kernel Kh{z, z' ,t) and its derivatives given in equations 
(fLSll . (fOl) and pTTO]) . We also use that for any function / G V-{M,dAh) 
we have: 

/ / \f\dAg. 

JM JM 

For the first function listed above, the integrals are almost the same as 
the ones corresponding to the operator (1 — e~'^'^)Age~^^^M'^'^. We obtain: 

/ / \cl^{z)-\e^^^''^ -l)Ah,,,Kh{z,z' ,t)\^dAh{z)dAh{z') « t-^ + t-^/Sgt/c 

JM JM 

for some constant c > 0. 

Similarly for the other two functions we get bounds by t~^{l + t^/^e*/'^) 
and +t^/^e*/'^), respectively. Combining these estimates we obtain: 

||^^lg-tA,^^^^^-l _ ^^)||2 ^ ^^-4 j_ ^ ^-2)^^ ^ tV2gi/c). 

Step 2.2. The operator e~*^''M^ is HS. The kernel of e"*^'>M^ is 
Kh{z, z' ,t)(f){z'). Since the estimates for the kernel Kh{z,z',t) are, up to 
some constants, the same as the estimates for Kg{z, z' ,t), we can use ex- 
actly the same proof as for the operator Mfpe~^^^ to show that: 

\\e-^^'^M4l^t-^{l + Vie'^). 
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Finally, for the operator e^*^'' (TA^T^^ — A/j) we obtain: 
lle-^^n^A^T-i - A^lli,;, < ||e-(*/2)^'>Af^||2 • \\M-^ e~Wmn /^gT'^ - A^ 

This expression is clearly integrable for t on compact subsets of (0,cxd). 
This finishes the proofs of Proposition 12.21 and Theorem I2.1[ □ 

2.2. Relative trace of other heat operators. In this section, we consider 
relative heat traces of some operators naturally associated to the surface with 
cusps. 

Proposition 2.4. The operator e~*^f — e"*^^-^ is trace class for all t > 0, 
where e~*^^'^ is considered as acting on L'^{M,dAg). 

This is a corollary of Proposition 6.4 in [21j. The statement of that 
proposition can be rewritten in our notation as follows: 

Assume that M can be decomposed as M = MqUZ with Z = [1, cxd) x S^. 
Let Pq be the orthogonal projection of Lp'{M,dAg) onto L^([l, oo), 
Then for every t > 0, e"*'^" — e~*^i'°Po is a trace class operator. 

To see that Proposition 12.41 follows from this statement, recall what we 
explained in section [L2l the operator /S.z,d can be decomposed as IS.z,d = 
Ai^o © Az,i) where the heat operator e~^^^-^ is trace class. So we have: 
||g-tA, _ g-tAz.z, ^ ||g-tA, _ g-tAi,o ^ ||e-*^^.i 111 

Now, let us consider the operator Aa^o for a > 1. To see that e"*^" — 
g-tAa,o jg ixsice class, we will proceed by writing the difference as 

g-*Ag _ g-tAa,o ^ e~*'^9 - e~*^^'° + e"*'^"-'' - e~^^^-° . 

By Proposition 12. 4^ the first difference is trace class, so it suffices to show 
that e~^^°-'° — e~*^i'° is trace class. 

Proposition 2.5. For any a > 1 and t > the operator e~*^"'0 — e~*^i.o 
acting on ( [1, oo), y~^(iy) is trace class and the trace is given by: 

Tr(e-*^'^'0 _ e-*^i>o) = ^ e-*/^log(a). 

V-i-TTt 

As an operator on L^([a, oo), the trace is given by: 

TV(e-*^"-« -e-*^i-°) = --^Erf{\og{a)/Vi), 

V47r 

where Erf{s) = e~'"^dv. 

Proof. Let us just sketch the proof. For the complete proof, see [2]. 

We start by using the explicit expression for each heat kernel given by 
equation (jl.lip to prove that, for each t > 0, e"*'^"-" — e~*^i'0 is a Hilbert 
Schmidt operator. We prove it by direct computation, showing that the 
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difference of tlie heat kernels is in L^([l,oo) x [l,oo), yr^)- The computa- 
tions are tiresome and involve functions of the form exp ^—l2EiM!^IlLL.^ and 

exp ^— ) ^ that should be properly bounded. 

The second step is to decompose the difference as the following sum: 

+ (e-</2A„.o _ g-t/2Ai,o)^-l . ^^g-V2Ai,o^ 

where is multiplication by the function (f) defined in equation ()2.3p with 
/3 = 1/2. We then prove that each term is Hilbert Schmidt with similar 
methods as above. 

Now, let us compute the trace: 

TV(e-*^-° -e-*^i.«) = r{pa{y,y,t) -Piiy,y,t))^ 

Ji y^ 



47rt J a y 



l_e-{iogfe^)m)!^ = _f_l 

If we consider g"*^"-" — e~*'^i'0 as an operator acting on L^([a, oo), 
we have that 

Tr(e-*^-o - e-*^i-o) = H {pa{y,y,t) -pi{y,y,t))% 

J a y 

= f\-(io^(y)f/tdy_ 

□ 

Remark 2.6. T/ie trace o/e"*^"'"— e~*^i'° as an operator on L'^{[a, oo), y~'^dy) 
has an asymptotic expansion for small values oft. This follows from Propo- 
sition [27S\ and the fact that Erf{x) has an expansion for x ^ 1. Taking into 

account only the first term we have that Erf{x) = + 0{x^^), as x —t- oo 
from which we infer that: 



Tr(e-*^-o - e-''^'-')m[a,oo),y-Uy) = -\ + OiVt) as t 



0. 



Remark 2.7. Let us study now the case when the manifold M can be de- 
composed as M = Mq U Za with a > 1 and we want to compare the operators 
e~*^» and e~^^^-° . In this case we could consider the operator e~*'^i^o acting 
on L^{M,dAg) in the way explained in subsection \1. 7\ However it is more 
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convenient and accurate to consider the extended space: 
L\M,dAg)(BL\[l,a],y~^dy) 

= L\Mo,dAg) e LliZa) e L\[a, oo), y-^dy) © ^^([i, a],y~^dy) 

= L\Mo, dAg) © LliZa) © L\[l, oo), y-^dy) 

where Lf^{Za) is the space defined in equation Then the operators 

e-t^9 and e"*^!^'' act on the extended space by being null where they are not 
defined. In this way we have that 

(2.7) Tr(e-*^«-e-*^i'«)^2(M)eL2([i,a]) 

where for the sake of simplicity we dropped the densities in the notation of 
the spaces. 

3. Expansion of relative heat traces for small time 

In this section we prove the existence of an expansion on t of the relative 
heat trace Tr(T^^e^*^'^T — e"*^") for small time. More precisely, we prove 
that there exists an expansion up to order v of the relative heat trace, if 
the function Lp{y,x) and its derivatives up to second order are 0{y~^) as 
y goes to infinity, with k > 'dv + 14. Our goal was to prove existence of a 
complete asymptotic expansion of the relative heat trace as t — )• under the 
conditions that and its derivatives up to order two decay as at infinity. 
Unfortunately, we were not able to completely realize this. However, we did 
identify the condition given above. We give an explicit sufficient rate of 
decay to define the relative determinant of the pair (A/j, Ag). 

3.1. Expansion of the trace of T-'^e'^^f^T - e'^^n. Let {M,g) be a 
swc. For the sake of simplicity we assume that {M,g) has only one cusp 
Z = [l,oo) with the hyperbolic metric on it. We take g as the background 
metric on M. Let h = e^'^g. To start with, let us assume that for (y, x) G Z , 
the functions (p{y,x) and Agip{y,x) are 0{y~^) as y — )• oo. 
Let n > 1, let us define the following notation: 

:= MoU ([l,n] X 5^), Z; = [l,n]xS\ Z„ = [n, cx)) x 5^ 

We start by constructing the kernel of a parametrix Qh{z,w,t) for the heat 
operator associated to Ah by patching together suitable heat kernels over 
= M3 n Z = [1, 3] X S"^. Let us consider the following kernels: 

• Ki^hiz,w,t): the heat kernel for Ai^h on the complete cusp Z = 

xS^, as was defined in Section [L6l 

• Kz^hiz,w,t): the heat kernel for A^/i, as defined in Section [L71 
Kz^h is given by equation ()1.14p . 

• For the compact part we consider a closed manifold W containing 
M2 isometrically. Let Aiy^^ be the Laplacian on W and Kw,h{z, w, t) 
be the kernel of the corresponding heat operator e"*^'^. 
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For any two constants 1 < 6 < c, let (t>{b,c) be a smooth function on 
[1, oo) X that is constant in the second variable, is non-decreasing in the 
first variable, and satisfies (j}{b,c){y^^) — for y <b, and 4'(^b,c)iy: ^) — 1 for 
y > c. Let ■02 = 0(5 2) and -01 = 1 — ip2', then {■0i, ^02} is a partition of unity 

on [1,2] X 5^. Let ip2 = 0(;^ 9) and (pi = I — 0(5 g^, so that (^j = 1 on the 
support of Ipi, i = 1,2. Extend these functions to M in the obvious way. 
Note that \Vh^iiz)\ <C 1 and | A/i(/7j(2;)| <^ 1, for i = 1,2. For this choice of 
functions we have that: 

• suppV/i(/?i C [|,3] X S^, and, supp'0i C M2. 

• suppV/i992 ^ [1, |] X 5-^, and, suppV'2 ^ [3,00) x S'"'^- 
Now, we put: 

(3.1) Qh{z,w,t) = ipi{z)Kw,h{^,w,t)^pi{w) + ip2{z)Ki^h{z,w,t)^p2{w). 

From the properties of the heat kernels, Kw^h and Ki^h, and the construction 
of the gluing functions it is easy to see that Qh{z, w, t) — )■ 5w-zi as t — )■ 0. 

Lemma 3.1. There exist constants C > and c > such that 



d 

+ Ah^z ] Qh{z,w,t) 



< Ce-^'\ for < t < 1. 



Proof. Here we use the estimates for the heat kernels given by equations 
(jl.Sp , ()1.9p and (ll.lOp as well as Theorem 12.11 and the equivalence of the 
geodesic distances dg and dh. 

d 

^di ^ ^h,z)Qh{z,w,t) 
d 

= Mz){{-Q^ + Ah,z)Kw,h)Mw) + {2{Vipi,VzKw,h) + {Ahipi)Kw,h)Mw) 
d 

+ Mz){{-Q^ + Ah,z)Ki^h)Mw) + {2{V^2,VzKi^h) + {Ahy^2)Ki,h)Mw). 
Because the kernels satisfy the heat equation it follows that: 

< \{{Vipi,VzKw,h) + {Ahipi)Kw,h)Mw)\ 
+ |((V(^2, V,i^i,fc) + iAhip2)Ki^h)Mw)\. 

Note that + Ah^z) Qhiz,w,t)\ has compact support in z. Let us 
consider the following terms separately: 

51 := \i{Vipi,VzKw,h) + iAhipi)Kw,h)Mw)\, 

52 := \{{Vip2,VzKi,h) + iAhip2)Ki,h)Mw)\. 

Notice that 7^ if z G supp and w £ supp'0i. In this case dg{z,w) > 
log(5/4), so that taking = clog(5/4) we obtain: 

Si < {\Vipi{z)\ \VzKw^h{z,w,t)\ + \Ah(pi{z)\ \Kw^h{z,w 

^ ^-3/2^-cd1(z,w)/t _^ ^-l^-cd1(z,w)/t ^ g-c'i/2i 



d 

— + Ah,z ) Qh{z,w,t) 
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Since {t--^/'^+t-^)e-''i/^* is hounded foi < t < I. In the same way as above, 
note that 52 / if z G suppV(/32 and w = {v,u) G suppV'2 = [fjOo) x S^. 
In this case dg{z,w) > log(u/(9/8)) > log(10/9). Therefore: 

where C2 = clog(10/9). This finishes the proof of the lemma. □ 
Remark 3.2. Note that 

= 0. 



d 

tt: + Ah,z ) Qh{z,w,t) 



w=z 



dt 

In order that the expression above does not vanish we need that 
dg{z,w) > min{log(5/4),log(10/9)} > 0. 

We now prove that in the expression for asymptotic expansion of the 
relative heat trace we can exchange the heat kernel for the parametrix 
Qh built above. 

Lemma 3.3. There exist constants C > and C3 > such that, for any 
0<t<l: 

[ \Qhiz,z,t)-Kh{z,z,t)\dAhiz) < Ce-^. 
Jm 

Proof. Applying Duhamel's principle to the heat kernel Kh and the parametrix 
Qh^e infer: 

Qh{z,z' ,t)-Kh{z,z' ,t) = j j^^Kh{z,w,s) + A,,_^^ Qh{w,z',t-s) dAh{w) ds. 
Using Remark 13.21 we have that: 
\Qhiz,z,t) - Kh{z,z,t)\dAh{z) 



M 

f f \Khiz,w,s) ( ^ + Ah^^] Qh{w,z,t - s)\ dAh{w) dAh{z) ds 



JMJM 
t 



dt 



■ dAh{w) dAh{z) + ■ dAh{w) dAh{z) | ds. 

\ JJ\/2 ^[f,3]xSi iZg y[l,|]x5i 



The first integral in the right hand side is bounded by: 

i{zy/'^s'^e~^e~^^ dAh{w) dAh{z) ds 



JM2 -'[|,3]x5 



since < i < 1. 



< ( / e t-s ds^ ij^ ^ j «; te ^ < e ^ 
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For the second integral in the right hand side above, recall that supp ip2 C 
[5/4,00) X S^. Thus: 

\Kh{z,w,s) f-^ + Ah,wj Qh{w,z,t-s)\ dAhiw) dAh{z) ds 



JZ5 -'[l,f]x5i 



t roo 



I I I " A Jo '^2 ^1 dv dy , £3 fa. 

< / / / y^'^e--se ^-^ ^ ^ ds <te~t < e~t . 



y2 y2 



□ 



Thus in the heat trace we can replace Kh{z,w,t) by Qh{z,w,t). Since 
the function e~'^'^ is bounded, the derivatives of the gluing functions (pi and 
(p2 with respect to the metric g satisfy the same bounds as the derivatives 
with respect to the metric h. Then we can perform the same construction 
for the kernel Kg{z,w,t) to replace it by Qg[z,w,t). 

Theorem 3.4. Let v >!, and let ip\z{z), /\g(p\z{z), and, \SJ gip\g\z{z) with 
z = {y,x), be 0{y^^) as y — t- 00 with k > 0. If k > 9v + 14, there is an 
expansion of the relative heat trace: 

V 

(3.2) Tr(r-ie-*^'^r-e-*^«) =t-i^a/ + 0(t'^), as t ^ 0. 

Proof. The relative heat trace is given by: 

Tr(r-ie-*^'^r-e-*^0= / {Kh{z, z,t)e'^'^^'> - Kg{z, z,t)) dAg{z). 

Jm 

Using Lemma l3.3t we obtain: 

{Kh{z, z, t)e^^^'^ - Kg{z, z, t))dAg{z) 

M 

- [ iQhiz,z,t)e^'^^'^ - Qgiz,z,t))dAgiz) 

Therefore in order to prove Theorem 13.41 we can replace the heat kernels 
by the corresponding parametrices. Let a > 1 and let us decompose the 
integral as a sum: 



Qh{z,z,t)e^'P^''') -Qg{z,z,t)dAg{z) = ^(t) + h{t) + hit), 

JM 

where 

(3.3) hit) = I Mz)iKw,hi^,z,t)e^^^'^ -Kw,giz,z,t)) dAgiz), 



M 



(3.4) /i(t) = / i,2iz)iKi^hiz,z,t)e^''^'^ -Ki^giz,z,t)) dAgiz), 
i3.5) hit) = [ Mz)iKi,hiz,z,t)e^'^^'^ -K^Jz,z,t)) dAgiz). 
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For Io{t) we use the asymptotic expansion of the kernels K]v,h and K\Y,g- 

N 

Kw,h{ziZ^t) = t~^''^^ak{h, z)t'' + RN{h, z,t) and 

A:=0 
N 

Kw,g{z,z,t) = r^^ak{g,z)t^ + RN{g,z,t). 

k=0 

For any N, the remainder terms RN{h, z,t) and R]\i{g,z,t) are uniformly 
bounded in a compact set therefore they can be integrated. In this way the 
integral Iq has a complete asymptotic expansion in t: 

Io{t) = I i,i{z){Kw,h{z,z,t)e^^^'^ -Kw,g{z,z,t)) dAg{z) 

N 

= i-'E / Mz)(Mh,z)e^''^'^ -ak{g,z))t'' dAg{z) 

+ I M^){RN{h,z,t)e^'^^''> - RN{g,z,t)) dAg{z). 

The other two integrals can be rewritten as traces of the operators: 

A{t) = M^^,M^2(r-^e-*^i-'^r-e-*^i-«) and 

B{t) = M^2^M^2(r-^e-*^i-'^r-e-*^i-«), 

respectively. We will prove in Proposition 13.51 that for < t < 1, taking a = 
and assuming that ip{{y,x)) and AgLp{{y,x)) are 0{y~") as y — )• oo, 
with a > 0, Tr{A{t)) = Ii{t) has a complete asymptotic expansion of the 
form: 

oo 

hit) ~ t-^^bjt^. 

j=0 

For B{t), also taking a = t~^/^ and under the conditions that ip{{y,x)), 
\V gip{{y,x))\ and Agip{{y,x)) are 0{y~^) as y — )• c«, we will prove in Propo- 
sition [3J] that I Tr(5(t))| < f", provided that k>9u + 14. In this part we 
use Duhamel's principle in a similar way as in the proof of Theorem 12.11 to 
estimate the trace norm of B{t). The condition k > + lA comes from 
requiring that hit) = Ti{B{t)) = 0(1"). 

Proving these two facts will complete the proof of the theorem. □ 

Proposition 3.5. Under the conditions of Theorem \2.1\ we have that there 
is a complete asymptotic expansion as t ^ of the integral Ii(t) in equation 
with a = t~^/^ . The asymptotic expansion has the following form: 

» oo 

/ Mz){Ki,h{z,z,t)e^^^'^ - K^,g{z,z,t)) dAg{z)r^t-^y^b,tK 
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Proof. In order to deal with the mtegral 

i;2{z){Ki,h{z,z,t)e^'P^'^ - Ki,g{z,z,t)) dAg{z), 



'1 Js^ 

we first recah what Ki^h and are. Recall that h was extended to the 
complete cusp Z and that Ki^h{z,w,t) denotes the heat kernel for A/j on 
Z. The idea of the proof of Proposition 13.51 is to use the local asymptotic 
expansion of the corresponding heat kernels and find a uniform bound on 
the remainder term. 

Let us consider the universal covering of Z: Let Z = M"*" x vr : Z — t- Z 
be the quotient function, and, F = Z be the group of deck transformations. 
The metric h on Z induces a metric h on Z, that has the same curvature 
properties as h. In addition, h = c^'^qq, where go is the lift of qq to Z and is 
precisely the hyperbolic metric on M, and the function is a lift of (p {ip the 
extension of 99 to Z), = (^ovr. It follows that h and qq are quasi- isometric. 
Therefore by Proposition 2.1 in [24] it follows that the injectivity radius of 
h is bounded from below by a positive constant independent of the point. 
In this way (Z, h) has bounded geometry. Let kh denote the heat kernel for 
in Z. Then from the results in [10] we have the following estimate: 

-J c cP" {z,w) 

kh{z,w,t) < Ct~ e 

where z,w €z Z and < t < 1. It is not difficult to verify that 

Ki,h{z, w,t) = kh{z, w + m, t), 
mez 

where vr(i) = z, tt{w) = w. 

The above construction can be performed for the kernel Ki^g as well. 
Then the integral Ii{t) becomes: 

hit) = r [ Mz){Ki,h{z,z,t)e^^'-'^ - Ki,g{z,z,t)) dAg{z) 

= r r M'^[Y,U'^^^+rn,t)e^'^^^^'^'^ -Y.kg{z,z + l,t)\ dAg 
^ ° \mez iez / 

because F = M"*" x [0, 27r] is a fundamental domain for F and the domain 
corresponding to Z'^ in F is [l,a] x [0, 27r]. Thus 

ra /•2iT 



h{t)= r [ ^ y^M^{kh{z,z + m,t)e^'^^^+^^ -kg{J,z + m,t)) dA^{I) 
•^1 -^0 mez 

M^{kh{z,z,t)e^^^^ - kg{z,I,t)) dAgi^ 



a /•2tt 



1 JO 

(3.6) 

fa r2n 

+ 



r / "V2(20 y2{kh{z,z + m,t)e^'^^^+"'^ -kgiz,z + m,t)) dA^{7). 
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We will start by estimating the second term on the right hand side of 
(j3.6p . Note that ip = Lp o it implies that the function e^*^ is bounded. This, 
the fact that the metrics h and g are quasi-isometric and the estimate on 
the heat kernel kh imply that: 



(3.7) ^ A;/,(I,I+m,t)e2^(^+™) <C ^ exp 



cidrAz, z + m) 



t 



From the explicit expression of the hyperbolic distance in the upper half 
plane, we have that 

,2 • 



dg{{x, y), {x + m, y)) = cosh ^ ( 1 + 



m 



Since for s > 1 we have that cosh ^(s) = log(5 + — 1), we obtain 



^+2F^TV4y^^7 "^°H^^2FJ■ 
For y = y e [1, a], we have that log(l + ^) > log(l + Thus 

e t < e 2t e 2t 

For < s < 1, we have that log(l + s) > Applying this to s = (2a^)~\ 

we obtain 

(3.8) 

^ e t < e 2^oPt e 2' < e a»t \^ e 2t ^ 

my^O m^O m^O 



with C2 a positive constant. In order to estimate the series, we compare 

(1+ 

2t 



ci log(l I '"^ )2 

it with an integral using the fact that exp ( ^jf^ — 1 is a decreasing 



function of m. We proceed in the following way: 



(3.9) 2^ e 2t < / e 2t d« 



V^a cilog{l+;ii^)2 /-OO 2cilog(-^)2 



< / e 2t _)_ / e t 

'1 i V2a 

/"°° 2c u2 

<C (\/2a - 1) + a / e '''^ e" dv < a(l + Vte"*) < a. 







where for the integral of the right hand side, we used the change of variables 
V = ^0(7(-^^); and in the middle step we used that for x > 1, log(x + 1)^ > 

log(j;)^. Now we can use (13. 7p and the bounds above to estimate the second 
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term in the right hand side of equation ()3.6p : 

na /•2tt 



1 JO 



\M'^ Yl {kh(.z,z + m, t)e2'^(^+"^) - kg{z,I+ m, t))\ dA^{I) 



•^1 -^0 m^O 



< t^^e ^ / 2^ e 2t JL^t'^ae ^. 

Now taking a = we get a^t = t^''^ . Therefore = e and we 

obtain: 



Let us see now what happens with the first term in the right hand side 
of equation (j3.6p : 



a r2iT ^ 

M^ikhiz,z,t)e^'^^^ - kg{z,z,t))dAg{T) 



1 JO 



/ M^mz,z,t)e^'^^^ - kgiz,z,t))dAg{I). 

'1 JO 

The kernel kh{z, z, t), as well as kg{z, z, t), has a uniform local asymptotic 
expansion as t — )• of the usual form: 

kh(z,z,t) = t^^'Y^ak{h,'z)t'' + RNih,'z,t) and 

fc=0 

N 

kg{z,z,t) = t~^'Yakig,z)t'' + RN{g,z,t) 

k=0 

for any > 0. For the remainder terms there is a constant C > such that 

(3.10) \RN{h,I,t)\ <Ct^ and \RN{g,z,t)\<Ct^ 

independent of z. Replacing the corresponding expansion in the previous 
integral we obtain: 

M'S)t-' ly^Mk^e^^^^ - ak{g,^\ t'dA^iz) 

+ / / iJt-i/9^(z){RNih,I,t)e^^(-^ -RNig,z,t))dA^iz). 
Ji Jo 
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The first term can be integrated without any problem to obtain: 



N 



N 



Kk=0 



k=0 



As for the remainder terms, using equation ()3.10p we have: 

M'^iRNih, z, t)e2'^(^ - RNig, z, t))dA^iz) 



< 



t-1/9 „27r 



{\RN{h,z,t)e^'^^^\+\RN{g,z,t)\)dAg(:S) « t 



N 



4-1/9 



dy 



< t 



N 



□ 



since < t < 1. This finishes the proof of Proposition 13. 5i 

Proposition 3.6. Let v > 1/2, and let ip\z{z), Agip\z{z), and, \Vgip\g\z{z) 
with z = {y,x), be 0{y^^) as y ^ oo, with k > 1. For < t < 1, and for 
a = t~^^^ , if k>9v + 14 we have that: 



Proof. To prove Proposition 13.61 we want to apply Duhamel's principle on 
the cusp Z. However the heat operators involved in the trace correspond 
to Laplacians in the complete cusp Z. Therefore in order to make the 
computations easier, we first replace them by the heat operators e~^^^'*^ 
and e~*'^^'S corresponding to the extensions of the Laplacians on the cusps 
with respect to Dirichlet boundary conditions. Then, we apply Duhamel's 
principle to e"*'^^-'' and e~*^^'S. We have to take into account more terms, 
but we avoid the problem of the singularity at y = 0. Using equations (jl.l2p 
and (jl.l4p to replace the respective kernels we obtain: 

Ti{M^^^M^^{T-^e-^^^'>^T-e-^^^'^)) = Tr{M^^^M^^{T-^e-^^''''^T-e~^^''- 
- [ XzAz)Mz){PhAz,z,t)e'''^^'^ - piMz,z,t))dAg{z). 

J M 

From equation ()1.13p and supp(i/'2) = -^5/4 it follows that: 



/ Mz){Ph.D{z, z, t)e2'^(") - pi,d{z, z, t))dAg{z) 
Jm 

^ cdf^{z,3Z) c'dg(z,az) 



< / t 'y{e i +e t )dAg{z) -t: / t 'ye 



Z5 

5 



_^ _cjJog{yf_dy 



<t ^e ' 2t ■ / y ' 2t " dy <^ e ' « 
We now continue with the estimation of the trace of the operator 



ci log(5/4)2 _^ _cjJog{y) 



ci log(5/4)^ 
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The kernel of T~^e^*-^'^'^T - e"*^^'^ as operator on L^(M, dAg) is given by 

e^^^'^Kz.hiz, w, t)e'^('") - Kz,g{z, w, t), 

and for z = u! it takes the form Kz,hiz, z, t)e'^'^^^^ — Kz,g{z, z, t). From the 
usual form of Duhamel's principle we infer: 

Kz,hi^,w,t)e^^'''"^ - Kz,g{z,w,t) = 

[ [ Kz,h{z,z',s)e^''^"'H^z,9-Az,h)Kz,g{z',w,t-s)dAg{z')ds. 
Jo Jm 

Then taking z = w m the equation above and using the transformation of 
the Laplacian we obtain: 

Tr(M^^^M^2(T-^e"*'^^-^r - e'^^^-f )) 

MzmzA^^^^t)^^""^"^ - Kz,g{z,z,t))dAg{z) 

= I Mz) f j {Kz,Hiz,z',s)e'^^^'\l-e-'^^^'^) 

^z,gKz,giz' , z,t - s)} dAg{z') ds dAg{z). 

Remember that supp(V'2) = -^5/4 and let us first assume that a > 5/4, so 
4a/5 > 1. Split the integral as the sum of the following terms: 

(1) -^1 = /o /z„/[i,f]x5i • dAg{z')dAg{z)ds. 

(2) J2 = dzjz^ ■ dAg{z')dAg{z)ds. 

(3) h = !ti^ jz„ hi ■ dAg{z')dAg{z)ds. 

5 

In this part, we only describe the main lines of the proof. The proof of 
the estimation of each integral is given in the Appendix. The methods are 
very similar to the ones used to prove Theorem 12.11 

Let A; > 1 and suppose that ip{y,x) = 0{y~'^) as y — )■ 00. Then = 
1 — e~^'^ and ip = e^"^ — 1 have the same order of decay as ip. Then for Ji 
we have: 

(3.11) Ji= f I I MzKKi,hiz,z',s)+ph,Diz,z',s))e^'^^'"> 

Jo JZa ^[I,f-]XS1 

i{j{z)Az,g{Ki^g{z',z,t-s)+pi^D{z',z,t-s)) dAg{z') dAg{z) ds. 

On this region a < y < 00 and 1 < y' < Thus 1 < | < ^y, so \og{y/y') 
is bounded away from 0. Using the estimates of the heat kernels we obtain: 

\Ji\ <^ ae t , 

for some constants c' > 0. 
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For J2 , let us use that the variable z' G to multiply the inside integral 

5 

by the characteristic function xz^a (-^')- Then, denoting again 1 - e^"^ by V 

IT 

we have: 

Jo J Za J ^4a 

5 

Xz^ iz)ip{z')Az,gKz,g{z', z, t - s)dAg{z')dAg{z)ds. 

5 

Writing this integral in terms of traces of the corresponding operators we 
infer: 



IJ2 

rt/2 



Jo -f 

Jo -5- Jt/2 -5- 

To obtain a bound, we use a similar method as before. Let us use the 
auxiliary function (j) defined by equation (|2.3|) with /? = 1/2. Then for the 
trace norm of the operator M^^ M^A^^ge"*^^'^ we have that: 

\\M^,^M^Az,ge-^^'-h<\\M^,^M^Az,ge-^/'^^-M^%m^^^ 

5 5 

The terms in the right hand side can be estimated in a similar way as above 
to obtain: 

||M^ M^Az,ge-'/^'^^-^M7% « 5-^/^(0-'= + a-''^'^^). 



For the operator M^e'^'/^'^^-f we have that llM^e"''/^'^^'^ II2 <. s'^^^. It 
follows that: 

|J2|« f .-^/^(a''^ + a-'=+V2).,-3/4^,«„-fc+l/2^-3/2_ 
Jt/2 

Now, for J3 we proceed in a similar way as for J2 to obtain: 
|J3|« f a-^+i/2.-VS-3/4ds « a-'=+V2i-3/2^ 

Jt/2 

see the Appendix for all the details. 

From all the previous equations we obtain, for < t < 1 that: 

We know that t~^/'^ > 1, thus for a = t~^/^, the condition ^-'=+1/2^-3/2 ^ 
t", fori/ > 1/2, becomes: |-]^-| > i^, thus, k > 9z/+14. If 1 < a < |, then 
1 < t-i/9 < I and (If <t<l. Since Tr(Mx^^M^2(T-ie-*^i>'>r-e-*^i.9)) 
is continuous on [(|)^ , 1] the statement of the Proposition also holds when 
1 < a < |- This finishes the proof of the Proposition. □ 
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Remark 3.7. To have an expansion up to order two, we need k > 32; and 
to have an expansion up to order one, we need that k > 23. However, the 
previous proof also works if we take v = 1/2. In this case, we have an 
expansion of the form 

(3.12) TiiT-^e-^^'-T - e-*^«) = aot'^ + oi + 0{Vi), as t ^ 0, 
and we only need to require that A; > 19. 

Remark 3.8. In the proof of Proposition 13.51 we took a = t^^^^ , but what 
we need is that a^t = for some k > 0. So we could take a = t~^ with < 
6 < 1/8. This will allow us to weaken the decay of the function ip at infinity 
in Proposition \3.6l However, the decay still must satisfy k < f + ^ + ^ • 
Thus k > Su + if v = 1/2, we need k > ^ for this to work. 

To compute the coefficients in the expansion (j3.2p remember that the 
coefficients in the local expansion of the heat kernels are given by universal 
functions. Let us take = 2, thus we have that: 

Tr(rt-*^'^r-e-*^«)= / Khiz,z,t)e^'^^'^ -K,iz,z,t) dAg{z) 

J M 

= / i^,^^^,,{z)t-'Y.(^i{h,z)e^^^^^ -a,{g,z))tUA,{z) + 0{t^) 

= / ^*-vm(^) (^(^'^^'^ - 1) + -^{K{h,z)e'^(^^ - K{g,z)) 

+ t{a2{h, z)e2^(^) - a2{g, z))) dAg{z) + 0{t^), 

where K{g, z) and K{h, z) denote the Gaussian curvatures corresponding to 
each metric. So, as t — )• we have: 
Tr(r"^e"*^ftr- e"*^9) 

= /■ _ 1 dA,{z) + [ K{h, z)e'^^^) - K{g, z) dAg{z) 

+ t [ a2{h,z)e'^'P^'^ -a2ig,z) dAg{z) + 0{t^). 
Jm 

From Gauss-Bonnet's theorem follows that the constant term in the ex- 
pansion vanishes. Therefore we finally obtain: 

(3.13) Tr{T-^e-^^'^T - e-*^«) = {Ah - Ag) 

+ t ( a2{h, z)dAh{z) - / a2{g, z)dAg{z)] +0(t^), as t ^ 0, 
\Jm Jm J 

where A^ and Ag denote the area of M with respect to the metrics h and 

g, respectively. If we use equation (j3.12p . we have: 

+-1 

(3.14) Tr(T-ie-*^'^r - e-*^«) = —(Ah - A„) + 0(Vi), as t ^ 0, 



RELATIVE DETERMINANTS ON SURFACES WITH ASYMPTOTIC CUSPS 33 



3.2. Expansion for other relative heat traces. Let us consider again 
surfaces with several cusps. Let {M,g) be a swc of genus p and with m 
cusps. Assume that M can be decomposed as M = Mq U Za^ U • • • Za^, 
where Oj > 1 for 1 < i < m. Let Aa,o be the direct sum (B^iAa^fi of the 
Dirichlet Laplacians A^^.^o defined in Definition I l.li 

Proposition 6.4 in [2T] establishes that the operator e~*^f — e"*^"'" is 
trace class and its trace has the following asymptotic expansion as t — t- 0: 

A 1 



(3.15) J=i 

mlog(t) x{M) m 

+ 7^ + + -r+ 0{Vi) 

A close examination of the proof of equation (j3.15p in [21] shows that the 
term ^7=1 can be replaced by e-*/^ ^f^^ M|) . 

In particular, we can consider the relative determinant of the pair (A^, Ai^o)- 
To that purpose we consider the trace Tr(e~*^s — 6"*'^^'°), where the trace 
is taken in an extended space that is given by 

(3.16) L\M, dAg) e (B]LiL\[l, aj],y-^dy) 

= L\Mo,dAg)(B(Bf=,{Ll{Za^) L\[l,^),y'^dy)). 

Thus, using Proposition 12.51 and equations (12. 7p and ()3.15p we obtain the 
following asymptotic expansion as t — >• 0: 

Tr(e-*^« - e-*^^^o) = + ^ + "^^"^^^^ 



^3 -^^^ 47r 2V47rt 2V47rt 

y(M) m ^, 

+ 6 +T + ^^'^^- 

This together with equation p.l4p gives: 

^h^-\ , im 1 



TY(T-ie-*^'^r - e-*^i-") = + 



47r 2 vivrt 

(3-18) , ,,,, 

mlog(t) x(^) ^/ 

2\/4^ 6 4 ' ' 
where the transformation T is the identity in the space ®j=ii^^([l, Qj], y~^dy). 

4. Relative determinant on surfaces with asymptotically cusp 

ENDS 

The relative determinant on a surface with hyperbolic cusps was already 
considered by W. Miiller in [23]. Therefore, we restrict our attention to the 
definition and the properties of the relative determinant on asymptotically 
hyperbolic surfaces. 
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Let US consider the following set of functions: 

J-19 := {V e C~(M)| %b(z), \Vgi^\{z) and Ag%b{z) 

are 0{i{z)~^^) as y = i{z) — )■ oo}. 

Let h = e^'^g, with ip G .Fig. We consider the determinants of the pairs 
(A;„Ag), and (A;„Ai,o). 

Let us take m = 1 and let us fix the notation in equation of the expansion 
of the trace of the heat kernel, ()3.18p above: 

Ah 7 1 X(M) 1 

"°=4^ "^""V^' ""-47^' "2--^ + 4- 

For the asymptotic expansion of the relative heat trace for big t, the trace 
class property together with the fact that cTaci^ifi) = [1/4, 00) and Lemma 
2.22 in [23] give the existence of a constant Ci > such that 

(4.1) Tr(r-ie-*^'^r-e-*^i-«) = l + 0(e-^i*), as t ^ 00, 

where the value 1 in the right hand side comes from dim Ker A/^— dim Ker Ai_o 
and the trace is taken in L?'{M,dAg). 

Notice that the conditions of Theorem 13.41 with u = 1/2 suffice to define 
the relative determinant of (A/j,Ai^o)- The relative zeta function has the 
following form: 

-iAi,o 



e-'^^-«)-l)dt, 



1 1'°° 

(4.2) as- A,, Ai,o) = / t^-HTr(r-ie-*^'^r 

r(s) Jo 

for Re(s) > 1. It follows from the asymptotic expansions (j3.18|) and (|4.1|) 
that the function C,{s; A^, Ai.o) has a meromorphic continuation to the com- 
plex plane, which we denote again by C- To see that there is a meromorphic 
extension and that it is regular at s = 0, write ({s; A^, Ai^) as Ci{s) + (2(8) 
with 

(Js) := —— / t'~\Tr(T-h-^^'^T - e-*^i'«) - l)dt, and, 

r(s) Jo 

1 /-oo 

(2(5) := -— / f-\Tr{T-^e-'^'^T - e"*^!'") - l)dt 

r(s) Ji 



Then 



C2{S) = ^ I t^-'fit)dt, 



where f{t) = 0(e~^^*), as t — ;> 00, thus the term t'^~^f{t)dt is ana- 

lytic at s = 0. As for Ci{s) and Re(s) > 1, we have that: 

1 

Ci(s) = TTTT f-\aot^^ + iaw + anlogt)t-^/'^ + a2-l + ^{t))dt 
r(s) Jo 

1 Oo aio an ^2 - 1 , „ . ^ 



r(s) Vs-i s-1/2 (s- 1/2)2 

where '!?(t) = 0{\/t)) and i?i(s) is a function that is analytic at s = 0. 
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Therefore, we can define the regularized relative determinant of {A^, Ai o) 



as: 



(4.3) det(A;„ Ai,o) = exp ( -^C(s; A,,, Ai,o: 



s=0 



Note that we only need to require that the function ip and its derivatives 
up to order two, have a decay of order 19 at infinity. The definition of 
det(Aft, Ag) is done in the same way. 

5. polyakov's formula for the relative determinant. 

Extremals 

In [25] the authors proved that on compact surfaces, with and without 
boundary and under suitable restrictions, the regularized determinant of the 
Laplace operator has an extremum. In this section we discuss the generaliza- 
tion of the extremal property of determinants given by OPS to certain cases 
of surfaces with asymptotically cusp ends. The main tool to study extremal 
properties of determinants is Polyakov's formula that relates the determi- 
nant of a given metric to the determinant of a conformal perturbation of it. 
The formula obtained here for relative determinants is the same as the one 
for regularized determinants on compact surfaces given in [25j . The proof of 
the variational formula and Polyakov's formula follows the main lines of the 
corresponding proof in [25j but we focus in the technical details that allow 
us to perform each step in the main proof. 

5.1. Polyakov's formula. Let 93, -0 G J-ig and u G M, let us define the 
family of metrics: 

The associated Laplace operators and area elements are given by the equa- 
tions: 

A„ := = e-2"^A/„ dA^ := dA„ = e^'^'^dAh- 
Now, let us consider the family of unitary maps: 

Tu : L\M, dAu) ^ L\M, dAn), f ^ fe^^, 
and the following functional: 

F : ^19 ^ C, ^ Fs{^ + uiP) := ({s; A„, Ai,o), 

C(s; A„, Ai,o) = -— / f-\TiiT^e-'^-T-' - Te-'^''<^T-^) - l)dt, 

r(s) Jo 

where the trace is taken in L'^(M,dAh)- The variation of at 93 in the 
direction of ^ is defined as: 

— {s; Ah, Aifi) := —Fs{ip + 
(5V du 

Before we proceed with the computation of the derivative in the equation 
above, we need the following lemmas: 
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Lemma 5.1. 

d 



-tTr(A^e-*^''), 



u=Q 



where Ah = ^«L=o = -'^^^h- 

Proof. Let Hu = T^AuT^^ ■ Then is a family of self-adjoint operators 

T„e-*^"r^^ It is also clear that: 

d 



Tr(r„e-*^"r-i - Te 



'tAi.o 1 



Tr 



du 



acting on L'^{M, dAh). Note that e 
d 

du 

Let Mi,M2 > 0, with ui > U2- Let us apply Duhamel's principle in terms of 
the operators: 

* d 



g tHui g tHu2 



ds 



Jo 

Dividing by ui — U2 the previous equation and letting ii2 — )• ui, we obtain: 

d 



d 



du 



du 

Therefore we get: 

(5.1) _1 Tr(r„e-*^"r-i - re-'^^-'T-^) 
du 

d 



Hu 



U=Ul 



Tr(( ] e-'^-) ds = -tTi ( F^e"*^- 



Let us compute the derivative Hu- 



Thus we get 

Tr (H^e-^^A = Tr (Mue"*^") + Tr (A^e^*^") - Tr (A^^e"*^") . 



From the rate of decay assumed for ip and Ag^ we have that the operators 
^g-tA„ g^j^^ Au-i/^e"*^" are trace class. Using in addition that e~*^''A„ is 
bounded for all t > we obtain: 



Tr (A^Ve"*"^") = Tr (^e-s"^" A^Ve'a'^" j = Tr (V^e'^^^A^) = Tr (V-A^e-*^") . 
In this way we get: 



TV Hue 



'tHu 



Tr A„e 



-2Tr (V'A„e 



Taking u = in the previous equation together with equation (IS.ip implies 
the statement of the lemma. □ 
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Lemma 5.2. For any t > 0, the operator ^e"*^'' is trace class. 

Proof. To proof this Lemma we follow the same method as above. Namely, 
we use the semigroup property of e~^^^ to decompose the operator ■i/ie"*^'' 
as 

where (j) is the function given by equation (j2.3p and where denotes the 
multiplication operator by (p. Then, one proves that each of the operators 
^g-t/2Afc^^_^ and M^e~^/^^'^ is HS. □ 

In this way we have for the variation of the relative zeta function that: 



^^{s;Ah,Ai^o) 



n 

where the last equality follows from: 



1 d 

^ / t'-^ — (Tr(r„e'*^"r-i - Te-'^''"T-^) - 1) 
[s) Jq au 

roc o poo o 

/ t^Tr((-2M/.e-*^'^)(it = -— / t'-TT{^e-'^'^)dt, 
Jo Jq dt 



dt 

M = 



^(TrV^e-*^'^)= / i,{z)^Kr,{z,z,t)dA,,{z) 
dt Jm dt 



Since 



i;{z)AhKh{z,z,t)dAh{z) = -Tr(Mhe- 

M 



-tAi, 



(5.2) ^{s; A,, Ai,o) = f^J^ ^'qI Tr(V'(e-*^'' - PKer(A,)))rft. 



we have that 



Before we apply integration by parts in equation (j5.2p . we need to verify 
the good decay of Tr('i/'(e~*^'' — -PKer(Ah))) foi" big and small values of t. 
In addition, we need to make sure that we can obtain an expansion of the 
trace, for small values of t, whose remainder term can be integrated. We 
accomplish that in the following two lemmas: 

Lemma 5.3. There exists a constant c > such that: 

Tr(V(e-*^'' - PKer(A,))) = 0(e-'*), as t ^ oo. 



Proof. Let t > 1 and let us write: 
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where we used that e~^'^'' PKei{Ah) = -fker(Ah)- Now, by Lemma [512] we have 
that '0e~2^'» is trace class. On the other hand, using the spectral theorem 
we have for / G L'^{M,dAh): 

Note that aessi^h) = [1/4, oo) implies that is an isolated eigenvalue of Ah 
and a{Ah — -PKer(Ah)) ^ [ci,oo) for some ci G (0, 1/4]. Thus 

for any t > 0. Ift>l,t — ^>0 and for the trace we obtain: 
|Tr(V(e-*^'^ -PKer(A,)))l < ll^e-5A'^(e-(*-i)^'^ -PKcr(A.))l|l 

This proves Lemma 15.31 □ 

Lemma 5.4. For < t < 1 the trace of the operator ^(e"*^*^ — -PKer(Ah)) 
has the following expansion: 

TV(«.--' - Pk„,.,.,)) = Ij(^) (i^ + ^ ~) + 0(<) 

as t — > 0. 

Proof. In order to prove Lemma [5.4l we use a method similar to the one used 
in Section 13.11 to prove the existence of the expansion of the relative heat 
trace Tr(e~*^'' — e"*^") for small t. We start by considering the parametrix 
kernel Qh{z,z',t) defined by equation (j3.ip : 

Qh{z,w,t) = ipi{z)Kw,h{z,w,t)%l)i{w) + Lp2{z)Ki^h{z,w,t)tp2{w), 

where the functions ipi and tpi, i = 1,2, are defined in Section l3.ll From 
Lemma [3^ we can restrict our attention to fj^^ 4'{z){Qh{z, -z, t) — -j^)dAh{z) 
and split the integral as the sum of the following two terms: 

Li{t) = [ i;{z)Mz)iKw,hiz,z,t) - ^)dAhiz) 

J Ah 

L2{t) = [ i^iz)Mz)iKi,hi^,z,t) - ^)dAhiz). 
Using the asymptotic expansion of the kernel Ky/,h{z, z,t) we obtain: 
(5.3) Li(t) = ^^^V(^)V.i(z)(^ + :^--l + i?i(z,t)^dA,(z). 

For L2{t), we use the same construction and notation as in the proof of 
Proposition 13.51 Now, let a > 5/4 and let us split the integral L2{t) as the 
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sum L2 = Ji{t) + J2(i) + Jsit), where the Jj, i = 1, 2, 3, are given by: 



Mt)= I I ii^i'S)Mz)ikf,iI,z,t)-—)dAf^iI), 



4 "0 



^ pa f'ZTT 

/oo /'27r 

For Ji we use the local asymptotic expansion of the heat kernel kh(z,z,t), 

whose remainder term is uniformly bounded, see [9]: 

(5.4) 

r-oo r27r / ^ ^.(20 1 

47rt 127r 



Ji(0 = /_ / V(2)V'2(J) ( — + - — + Ri,i{z,t) ) dA~^{7) 



For J2(i), in the same way as in the proof of Proposition 13.51 we can 
estimate the series as in equation (|3.8p . Then using equation p.9p we obtain: 



(5.5) J2{t)^ y~^^e-^t ^ 



e 2t — 
V 



<Ce^/y / e 2t ctu— ^<Cae^. 
Ji y 



Now, for J3 we have: 



Za 

(5.6) « r t-'y-''y% = t-' r y-''dy « r^a-'' 

a y 



As in the proof of Proposition l3.5l we take a = t Then putting equations 
(fOjl dED ([53]) and ([55]) together we obtain: 



TV(V.(e-*^'> - ^Kcr(A,))) = / i'izmhiz^z^t) - ^)dAH{z) 

( 1 I m^) 1 



V'(2)V'i(^) J- + -j^ - ^ + i?i(^, i) dAh{z) 
M2 V^TTt 127r A J 

+ j *(J)*.P)(j^ + ^-3j^+ft,,(?,<))<iA,(J)+0((), 

4 

where 0{t) is clearly independent of z. Now we know that \Ri{z,t)\ <C t 
and |i?i^i(z, t)| ^ i uniformly in z. Therefore we can make the following 
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estimate: 

(•CO c2lT 

il^{z)Mz)Riiz,t)dAhiz) + I 
In this way we conclude that: 



/ ^{z)Mz)Ri{z,t)dAh{z) + / ^(^^2{z)Ri,i{z,t)dAf^(£)<.t. 

J Ml J I Jq 



This finishes the proof of Lemma 15.41 □ 

Going back to the variation of the relative zeta function, we can apply 
integration by parts in equation ()5.2p to obtain for Re(s) > 0: 



is 



; A^, Ai,o) = -— / t^-i Tr(V'(e-*^'' - PKer(A,)))di. 
(s) Jo 



5^ 

Let us now split this integral as: 

(5.7) A,, Ai,o) = ^ IV(^(e-*^'^ - PKer(A,)))di 

+ t^-' Tr(V'(e-*^'' - PKer(A,)))di) 

and let us study each term separately. 

For the second term on the right hand side in equation ()5.7p . it follows 
from LemmaEJthat t''^ Tr('0(e-*'^'^ -PKcr(A;,)))rfi 

is an entire function 

of s. Since r(s)~-'^ ~ s, we infer 



d 2s 



ds r(s) 



00 



= 

s=0 



For the first term on the right hand side of (15. Th , we use Lemma 15.4 
Thus, for Re{s) > 1 and taking the corresponding extensions, we have: 



2s 



y\^-iTr(V^(e-*^^-PKer(A,)))di 



\ — [ il^(z){ — ^-^-^ _|_ analytic in s near 

I s Jm 127r Ah 



r(s) i s Jm 
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We consider now the derivative with respect to s at s = 0. We first take 
into account that = s + O(s^). Then 



d 2s 
ds 

d 1 



ds r(s) 



M l^TT Ah 



s=0 



Thus, 
S 



5 d 



^^logdet(A„A,o) = ---C(.;A„Ao)L^„ 

= / i^{z){Ag^ + Kg)dAg + ^ f 24^6^'^ dAg 

OTT Jm Ah Jm 

Using that 

■ / \Vg{ip + wp)\'^ dAg 
Jm 

/ Kg{ip + Ul/j) dAg 

Jm 

for all tp in the domain of F we obtain: 



1 d_ 

2 du 

d_ 
du 



u=0 



u=0 



-I- 

Jm 



Kg V dA^ 



logdet(A^, Ai,o) = --^ / \Vgipf dAg~^ [ Kg ip dAg + log Ah + C. 
J-^'"" Jm Jm 

Notice that if (/? = we have A/, = A^, and from the previous equation 
we obtain C = log det(Ag, Ai^o)- bi this way, we have proved Polyakov's 
formula: 

Theorem 5.5. Let {M,g) be a surface with cusps and let h = e'^'^g be a 
conformal transformation of g with (f G Tiq . For the corresponding relative 
determinants we have the following formula: 

(5.8) logdet(A;„Ai,o) = Jj'^M'' dAg-^j^Kg^ dAg 

+ logAft + logdet(Ag,Ai,o). 
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5.2. Extremal properties of the relative determinant. Given Polya- 
kov's formula for the relative determinant, the study of the extremal pro- 
perties of it is exactly the same as in OPS [25] for the case when xi^) < 0. 
We assume now that xi^) < 0. Let us recall the analysis in [25j as we 
adapt it to our case. On J^ig consider the following functional: 

(5.9) cD((^) = i /" iV^v^p dAg+ f Kgip dAg-Tix{M)\og ( I e^^dA^ . 

^ JM JM \JM J 

It is straightforward that $ is translation invariant and that minimizing $ is 
the same as maximizing log det(A/i, Ai^o) for metrics of constant area. Since 
we are considering x(^) < 0, we have that $ is convex. In the same way 
as in [25], we have that 



^{ip) = -67rlogdet(Aft,Ai,o) + ^(6-x(M))log(A). 

Let us analyze the functional without requiring the constraint A^ = 1. 
We assume that (f minimizes Then ^{ip) = holds for all V e J^ig. The 

equation ^{(p) = implies that 

i.e. Kh is constant. If A^ = 27r(2p + m — 2), it follows that = — 1, where 
p is the genus of M and m is the number of cusps. 
On the other hand if = constant we have that: 



'\^) = [ e^WAg-^-^[ 2^e^-dA 

JM JM 



9 



[ ^{KhAh - 27rx{M))dAg = 0, 
JM Ah 



because of Gauss-Bonnet theorem. Thus, the critical points of <I> are the 
metrics of constant curvature. The convexity of <I> assures that the critical 
points are minima. 

Our problem is to find a maximizer of the relative determinant among 
metrics inside the following conformal class: 

Confi,i9(5) = {h\h = e'^'f'g, with V G J'w and Ah = 27r(2p + m - 2)}. 

If we start with a metric r on M of negative constant curvature = — 1, 
and we take the conformal class Confi^i9(r), r itself is the maximizer and 
r G Confi^i9(r). The maximizer trivially exists inside the conformal class. 
However, if we start with a general metric g on M that is hyperbolic only 
in the cusps, the differential equation for the curvature on the cusps is: 

-e^'^ = Agp - 1. 

This implies that in the cusps the function ip should decay as y~^. In 
this case the function ip is outside the conformal class under consideration. 
Therefore in order to have a maximizer of the relative determinant inside the 
conformal class we need to be able to define the determinant for Laplacians 
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whose metrics have conformal factors e with having a decay of y at 
infinity. 



6. Appendix 

Proof of the bounds of the integrals Ji, J2 and J3 in Proposition [3? 
For Ji we had in equation (13. lip : 

Jo JZa J[1,^]XS1 

'ip{z')Az,giKi^g{z',z,t - s) +pi^Diz',z,t - s)) dAg{z') dAg{z) ds. 

Note that on this region a < y < 00 and 1 < y' < log(y/y') is bounded 
away from zero. Using the estimates on the heat kernels and their derivatives 
we obtain: 

rt j-OO j- ^ , 9 , elog(y/y')^ clog(i;)^ elog(y')^ , 

\Ji\<. / s \t-s) ^y{e ^ +e ^ e ^ ) 

, t. I 1 , elog(y/y')^ clog(i;)^ elog(y')^ (j^/ dv 

y^^^\e +e e ^^c^s 

< at""' / s ^(e 5 +e 5 )dyds 

Jo Ja 

_1 f°° , ,9 1, clog(5.//4a)2 elog(y)^ . 

+ at ^ / {t-s) ^y \e +e )(iyds. 

A/2 J a 

Since y > a > | we have an estimate in s: 

clog(5i;/4a)^ clog(i;)^ clog(5/4)^ e log(5i;/4a)^ elog(i;)^ 

e s + e s < e 2s (^e 2s + e 2s j 

, TOO -1 _£i£g(W420i poo -1 _£]£gWi ^ Tur ^ ■ -i 

and y e ^s ay = js v e 2s av <^ ys. We get a similar 
estimate for t — s, and together these give: 

|Ji| <. at s e 2s j y 2s dyrfs 

Jo 

/■* „ cl°g(5/4)2 /-OO elog(i;)2 

+ at ^ (t-s)'^e 2(t-s) / y-ig 'W=Wdyds 

Jt/2 J\ 
9 Z"*/^ 1/9 cl°g(5/4)2 1 . Q/9 _£i2g{5Z4)^ 

<^at~^ s'^'^e 25 — ds + at'^ I {t-sy-^'^e ^(t-s) 

Jo Ji/2 

„ elog(5/4)^ /"^/^ clog(5/4)2 /"* , 1 , x ^' 

<^at « / ds + at 2t / ds <^ a{t ^ + Vje"-^'^ <^ ae'~ 

Jo Jt/2 



It/2 

for some constants ci, c' > 0, where we also used part (4) of Lemma [2l3l 
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For J2, we had reduced the problem to the fohowing estimate: 

Jt/2 ^ 

Now we proceed to estimate each of the HS norms appearing as integrand 
on the right hand side as follows: 



' 4a 



[z)Az,gKz,giz, z', s/2)^{z')-^\^dAg{z')dAg{z) 



Z4a J Z 

Via Ji y'^ 

o 

+ (10g(,'))^ dy'jy. 

The first integral in the last line above can be estimated by fixing y and 
making the change of variables v = log{y' /y), y' = ye" , dy' = ye'"dv: 

foo poo 

s-^ / / y-^'e^e^^' dv dy 



iog{y) 



foo poo 

J-00 



As for the second integral, we obtain in a similar way: 

/"OO /"OO 

s-^ / / y-2fc-ig-^(iog(,'))^ dy' dy « s-'^l^ei-.a-^K 



Thus, 



" 4a 
3- 



For the operator M^e ^I'^^^-a ^ using equation (12. 5p we have: 

/OO /"OO 
s-2y'-iy-2(e-v(M?//y'))^ +e-^(iog(s/y'))^)dy'dy 

/OO 
y/-lg-^(logfe'))^dy' « 5-3/2(1 + g./4c)^ 
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Since s < t < 1 we have that \\M^e~^/'^^^'a\\^ < s-3/4_ ^ follows that: 
|J2|« f s-'/Ha-' + a-''+^/^)-s-^/Us<^a->'+'/H-'/\ 

Jt/2 

Now, for J3 we have: 

Jt/2 JZa JZ4a "5" 
-5- 

{Az,g - Az,h)z'Kz,g{z',z,t- s)dAg{z')dAg{z)ds. 

Remember that Az,g — Az,h = {^^'^^^'^ — ^)^z,h = '^{z')Az,h, so the previous 
equation becomes: 



^3=/ / / {Mz)KzM^^^'^^)xz,A^'M^') 

I J Za J ZAa 
"5" 

{Az,hKz,g{z\z,t - s))e-'"^^'^} dAh{z') dAh{z) ds 
= [ [ [ {Mz){Az,hKz,h{z,z',s)^{z'))xz,Az') 

Jt/2 JZa JZia "5" 
-5- 

Kz,g{z\z,t-s)e-^^^'^} dAniz') dAh{z) ds 
= f I I {Mz)e-'^^'^Kz,g{z,z',t-s)xz,Az') 

Jt/2 JZa JZia ~^ 

5 



{AzM^{z')Kz,h{z',z,s))] dAh{z') dAh{z) ds. 
Writing this in terms of the corresponding operators we obtain: 



J3 = f IV(Mv„M,-2^e-(*-^)^^.«M;, Az,hMre-'^^'^)ds, 

Jt/2 ^ ^ 

\J3\< f \\My^ Az hMje-'^^'^h ds. 

' ' - it/2" ""^t ' " 



't/2 -5- 

We are now working in Lp'{M, dA^) therefore to simphfy notation we do not 
write the subindex h in the trace and the HS norms. In the same way as 
above we do: 

5 

-5- 

The kernel of the operator M^^^^ Az,hM^e~^^^>h/'^M^-i is 

5 

xz,ai^')i^z,h{i'i^')Kz,h{^'^^^sm^r'- 
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Using the decay assumptions on Lp and its derivatives, we have that: 

Since for < s < 1 we have that + + <C s~^, we can estimate 
the HS norm by: 



// 



Z JZ 

<S-^ y2 y/-2fe+l/g-f (log(y/y'))' +e-Ta°g(2'2''))^2^^ 

« |"|"(y'-2fc-le-Va°g(^^/3/'))^ +y'-2fc-lg-^(log(,))2^ 
^ (o-2fc+l + ^-2fc)^-7/2g./4c ^ ^-2fe+l^-7/2_ 

We finally obtain: 

||^-lg-V2A^,,^^^||^ < a-^+V25-7/4_ 

For the operator e~^/'^^^'^M^, the proof goes in the same way as for the 
operator M<^e~''/^^^>9. At the end we obtain: 

lle-^^-.^M^Ib = (^JJ^\KzMz,z',s/2)<i>{z')\^dAh{z')dAh{z)y^ « s'^/^ 
In this way: 

|J3|« r a-'=+V25-V4^-3/4^^ ^-fe+l/2^-3/2_ 
it/2 
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